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1, INTRODUCTION
The purpose of the present report is to describe an. integral
method applied to the analysis of the effects of blowing, on the viscous hyper-
sonic shock layer (low Reynolds numbers) in the stagnation region of an
Apollo-type entry body,
	 This work represents the initial phase of a study
undertaken in order to obtain a description of the viscous flow field in the
entire forebody region,
,A brief description of the physical characteristics of the hyper- n
sonic low Reynolds number flow as well as a short review of previous
analyses will be given in this section, whsle the method of solution adopted
in the present analysis acid the discussion of results will be included in
Sections 2 and 3,	 respectively,
One aspect of the low Reynolds number flow is that the thin
boundary-layer approximation is no longer applicable in analyzing the
1-4flow around a blunt body at high altitudes. 	 For example, for an .Apollo
body, under typical re-entry conditions, the thin-boundary-layer assumption
breaks down at altitudes greater than about 250,_00 0 feet, 	 At higher altitudes
the influence of the transport properties is now spread across the shock
layer and even the shack wave itself may not be thin compared to the shock
standoff-c -stance.	 Thus, a different type of flow will exist at''these rarefied
conditions.
	
Delineation of the various flow regimes has been proposed l in ?'
terms of the degree of the rarefaction of the flow at high altitudes,
	
Figure 1
shows these regimes in terms of a'.`rarefaction" parameter, K , introduced
by Cheng.
	 For detailed discussion on these flow regimes, the reader is g
referred to References 1, 3 and 5. ic
Many analyses of the low Reynolds number flow are available,r
for example, References 1-3 and 6-16.	 All of these analyses used the
Navier-Stokes equations and, except for Refs, 3 and 16, are confined to
the stagnation region.	 In analyzing the stagnation region, solutions were
obtained l
	by assuming constant density in the shock layer.
	
The results
for heat transfer are in good agreement with those obtained by others (Refs.
­9
41
20 9), li ,-,mever, much higher shock standoff distance was obtained under
cons tant-denaity assumption, 118 This assumption was later removed, and,
by assuming the shock layer to be very thin compared with the body radius,
reasonable results were obtained (Re-is, 6, 9).
As the mean free path becomes large, intermolecular collisions
become less frequent and molecules arriving at the body surface are unable
to come into equilibrium with the surface. As a result, velocity and tem-
perature discontinuities may develop at the body surface, This is commonly
called the "velocity slip" and the "temperature slip" at the wall. The effects
of these wall-slip phenomena have been analyzed by Liu (Ref. 15). He found
that these effects cause only a small change in the heat-transfer rate to the
body as well as in the shock standoff distance,
One aspect of the rarefaction of the viscous flows at higher altitudes,
i. e. , low values of k', is that the shock wave is no longer th i n or discontinuous*
As a result, the usual Rankine -Hugoniot relationship is not quite applicable
and should be modified in order to account for the transport effects immedi-
ately behind the now-thickened shock wave. This has been analyzed :andthe
modified Rankine- Hugoniot relationships -have been obtained by Probstein
and Kemp 1 and by Cheng. 2
The effects of mass injection in. the stagnatiori region of a blunt
body have been considered by Goldberg and Scala, IU and Goldberg, and
Chen, Aerosty and Mobley, 12 Their results demonstrate, increasing shock
standoff distance and decreasing heat transfer with increasing injection
rates. However, these changes are not as great at higher altitudes. Thus, 	 s.
for the rarefied-flow cases larger mass-injection rates are necessary to
reduce the heat transfer coefficient by the, same percentage as that for the
bouridary-layer flow case. No analyses are knckwn to exist which treat the
	 az
cases
,
 of very large mass-inject.iorx rates at locations - away from the stagnation
region.
The present formulation will now be briefly described. An - axisym-
metric flow over a blunt body with large blowing at the body surface is
considered, The flow will be in the, incipient-merged-layer at the viscous--
2
...........
rlayer regimen. In these regimes, the Navier-Stokes equations may be used,
and these equations are simplified by assuming a very thin shock layer com-
pared with the body radius, In addition, the body is taken to be spherical so
that the radius of curvature (,) is a constant in the present analysis. The
streamwise velocity component at the body surface ( Ub) is assumed to be
zero, implying no-slip condition which is reasonable for a cold-wall case,
, e; , T6..Pp Q However, it can be included as a non-zero quantity without
difficulty, For the present application of the cold-wall case, this is not
necessary and zero-slip velocity is assumed at the wall.
The equations thus simplified are similar in form to the conventional
boundary-layer equations with the important exceptions that the entire flow
field is now viscous, instead of a very thin layer near the wall and that the
normal pressure gradient may not be assumed negligible. The latter con-
d tior is associated with a non-negligible momentum; change in the direction
normal to the body surface,
The integral method was used in the present study because of the
obvious a.dvantagea of the method over the exact analysis (which requires
solution of the "two-paint" boundary-value problem), 'These advantages are
the ease of application, and relatively small computation time. Results were
2. METHOD OF ANA,IaXS1S
Z. 1 Differential Equations
The as9umptions taken in the present analysis are:
1) thin shock layer,
2) hypersonic flow,
3) non-reacting gas,
4) constant Prandtl number, and
5) constant radius of curvature,, i. e, a = const,
Applying these assumptions, the Navier-Stokes Aquations and other conserva-
tions equations become 3 for the viscous shock layer
Continuity;
Streamwise Momentum;
ax	 a5 / ^^
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Normal Momentum;
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In the above boundary conditions the streamwise velocity component at the
body surface L" is assumed to be zero, implying no - slip condition which
is reasonable for a cold-wall" case, L e., 76--> 0
	
However, it can be
included as a non-zero quantity without difficulty. For the present application
of the cold -wall case, this is not necessary and zero-slip velocity is assumed
at the wall. It is also to be noted that the pressure distribution immediately
behind the shock is Newtonian, in keeping with the thin shock- layer assumption.
Now we shall first transform the above differential equations from the
(x, y) coordinate to the ( VF ) coordinate system and then apply the integral
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In addition, introduce the stream function	 such that
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Then from eqs. (8) and (9) we obtain
af
where ` = /a,; Putting	 *ie)-, we get
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From e,qs. (8) and (9) we also obtain
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Applying the transformation, eq. (7) to eq. (3) we get
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Equations (2), (3) and (4) become, after transformation,
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and the subscript r denotes a reference condition. In the present analysis
this condition will be taken 3 such that C = 1.
The difference between the boundary-layer approximation and
the present analysis should be noted. In the boundary-layer analysis, the
normal pressure gradient is negligibly sma ll and is neglected; this in turn
enables the second term on the right-hand side of eq. (13) to be dropped. In-
the present analysis this is not permissible and the term is retained, which
contains the (-D-Flax) term. This term may be expressed in the
d
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Equation (14) thus becomes, using eq. ( 19) and putting C = 1
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Now the term era can be expressed in the O system as follows:
From eq (12) we have
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Integrating from F F to F— 1. 0, we get
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Substitution of eq. (22) in eq. (20) and use of F) yields, after some
rearrangements
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Before applying the integral method it is helpful to rearrange
some terms in the streamwise momentum equation (23) and the energy
equation ( 15) as follows:
Sinc e
a`	
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we get after some manipulations
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Substitution of eq, (24) in eq. (23) and eqs. (25), , (26) in eq. (15) then
yields, respectively,
Streamwise Momentum:
r	
7rj7)^ + C,,;)J2
lay
C-rTT ( I --07) Zq C'-U ( I —U-)f
3-F	
.
Pdo ya p/^ 	 d	 r
64
TJ i^' -^- a „ C^ 772^1F
.,
Energy:
.d7 
CI —p) ^^ f GZTIJ— — ^Ci--^ `^ GZT J -- C3)`a	 ^	 ` 0)	 6}a, ^	 C
+')(^ -td ^-"t I =- e) -^-- (^.^ C^ rib AP [ c r e)
_ 
"I; k Gamr a 'FZ + 
-P,, 	 W-G DFk aF
2. 2 The Boundary Conditions
The boundary conditions in the physical coordinate system, i. e. ,
x-y plane, will now be expressed in the transformed ( ^^^) coordinate
system. From eq. ( 11), specializing do the body surface, i. e , y = o
( ,F* ._.
 0), we obtain
MOO
where CI'= Q at F = 0 is applied.	 n
10
—^-- ---rte-
,.	 '`
Putting N	 t^;1'^ )^C.°u) and g me grating eq. (29), we get
C ) -- so	 (30)
1z
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For the special case, i. e. , the stagnation point, , .^ U, and eq. ( 30) yields
Tb
 CO) -- --
	
	 (0)(11))t
On the other hand, since the mass entering the shock layer from the free-
stream is r TTr,'000, , we have, by applying equation (9) at F 1,
e.a n.s-'u n-t (32)
Also, from eq. (6), we obtain, at F = 1
9 G AiAOL/4
and (k 	 P, k^er "a-^ ^d mv=—)e
►
It may be seen from Fig, 2 that sing	 ► _	 Thus the Newtonian
pressure distribution ''c
 becomes
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d
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From the relationship Gz7'.-( f/aT""), we obtain, using eqs. (31) and (32)S
S	 _P b
a	 a	 z_	 (35)
The physical shock-layer thickness (the shock standoff distance) may be
obtained by applying eq. (18) at F = 1
_	 1
G ^^Q _" ^	 (36)0
-	 11
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Using the ideal gas relationship (eq. (5)), we have, for strong shock waves,
i. e. , A4., very large
IP_00	 (37)
1P
in the stagnation regionand eq, (36) becomes
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2. 3 Integral Equations
The streamwise momentum equation (27) is now integrated from
F = 0 to F = 1, i. e., from the body surface to the edge of the shock layer..
Using eqs, (31), (32), (33) and (34), eq. (27) becomes
I N 1<2
o
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2	 1+	 + Z 2.	 fdo
K G,
JG	 + f 4F	 (39)
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Thus, we have derived two integral equations which involve the integrals
of u- and e with respect to F for various values of the rarefaction parameter
(K 2 ), mass- injection rate (N), and the Prandtl Number (Pr). Before pro-
ceeding downstrea ,the present formulation will be applied to the stagnation
region. This serves a two fold purpose; first, it serves as a check against
a previous analysis of Cheng 2 for a zero mass-injection case in the stagnation
region; secondly, it furnishes the initial conditions for equations (39) and (40).
Specializing to the stagnation region, i. e. , :Z ­o. d , and ^j
eqs. (39) and (40) reduce to, after some manipulations,
KGr- 1 
(2_+^-) MI G- + P_ e M.4,&	 1+^
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and
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where a new term NI_3Q, is introduced by using eq. ( 37)
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2. 4 Velocity and Energy Profiles
In order to solve the eqn, (41) and (42), we now introduce profiles
for the streamwise velocityU * and the total-enthalpy E) in terms of the
characteristic parameters, Since there are two equations, two parameters
will be introduced, i, e, , e and B , This implies that both IT and E) profiles
are one parameter families, i, e, 'Mm"C"
,
 - -^T ^ C7)	 )Cand e=e(F-B,-', It will be5	 Y
seen from the results that these simple forms yield reasonable results even.
inoases of very large mass-injection rates N and a wide range of the rare-
faction parameter K^ . The reason may be due to the use of reasonable
boundary conditions as well as the applicability of the integral method with
good accuracy to the favorable pressure gradient cases,
Streamwise Velocity Profiles:
Put(43)
'_C_ -,- 0- 1 F	 qzF + a,'F
where the coefficients Ct,^, 11z, 03 are to be determined as follows.
The boundary conditions are
From eq. (33), we get, for the stagnation region
I
	
 C;Qr(	 \ (44a)
From eq. (35), specializing to the stagnation point
I+ NJ 1	 C/ (44b)
Cr )+
Applying eq, (27) to the wall (F 0) at the stagnation point,
tau')(44c)
b
t is
14
0
PSubstitution of eq. (43) in eqs. (44a) and (44b) yields
 2 	 3 	 A
E	 E C	 ,.	 st	 i
where	
E	
+
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The skin-friction parameter A=(,_UAF)k, may be determined from eq. (44c)
by applying eq. (45),
A	
ra *E7 ES
2. E 7
It is note: that two roots of A are involved in the present analysis, since
we take into account the normal momentum term (the JuldF terrn in eq.
(44c)). By comparing the above equation with the case where fli p centrifugal
effect is neglected, we conclude that the lower root is the correct value. Thus
we have
A	
JE:z 4 E7 ES	 (46)2 E 37
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T
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It is also to be noted that for given values of 	 E N and	 Acan
by obtained from eq, (46) as a function of Qr, a characteristic parameter
to be determined from the simultaneous solution of the integral equations
(41) and (42),
Total-Enthalpy Profiles:
Put b "F +	 (47)e	 + -FI F + 62. F 2
where the coefficients 6, ) 6Z, ec,) are to be determined as follows. The
boundary conditions are as follows:
From eq, (33)
Cae^ 
	
(48a)
Applying eq. (15) to the wall (F = 0) in the stagnation region, we have,
using eq. (31) for 
-F, ;
2-T' KC- rj	 (48b)
Equation (15), when specialized to F 1 in the stagnation region, becomes,
using eq. (31) for
(48c)
C.a-^'^X(aaF )
e- 	 FIr K,	 e
Solving eqs. (47), (48a), (48b)-and (48c) simultaneously, we obtain
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In equation (49), the parameter 
	
is the unknown quantity to be determined
along with & froze 	 simultaneous solution of the integral equations (41)
and (42).
Based on the profiles from eqs, (45), (49) and (37), it is now pos-
sible to calculate the terms included in the eqs, 141) and (42). Specifically,
the "momentum-defect thickness"	 is recast in terms of 	 using
eq. (44b)
MS
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From eqs. (45) and (49) we get
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From eq, (49), we also obtain at F
	 I
e-
Nii — NIA
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IQ	 21 + NJ,
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Therefore, substituting eq.
	 (50c) for	 MS.	 eq. (50d) for	 we can
express
	 in terms of Grand other parameters so that
Nj17 (51)
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18
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We shall now rearrange the momentum-integral eq. (41) in a more
convenient form. Substitution of eqs. (37), (45) and (49) in the definition
of M3a. yields
,, A	 r	
2
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(52)
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where the FZs are included in the Appendix.
Summarizing, then we have derived two integral equations
involving two parameters C7° and ] , which will be obtained by simultaneous
solution of these equations, i. e. , using eq. (46) in eq, (41).
^rMomentum:
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3. RESULTS AND DISCUSSION
Eqs. (51) and (54) were solved for the unknown parameters G,-
and B for given values of the rarefaction parameter (K 2 ),, mass-injection
rate (N), density ratio across the shock ( E ), and the wall- temperature ( -66).
Because of the complicated way in which Gr and 13 are related in the eqs,
(51) and (54), the following method of solution was applied.
11	 For given input values of K	 and "t6  0 the equations are
functions of G- , 13 , and N	 Consider the N = 0 case, i. e, ,
no mass injection. Start from a very low value of Gr , example,
Cr = 0. 05.
2, For the assumed value of C7 , compute 3 from eq. (51).
3, Substitute both G and B in eq. (54) and see it the left-hand
side and the right-hand side of 'the equation are the same.
4. If not, assume a larger value of 	 and repeat steps 2 and 3,
until eq. (54) is satisfied.
5. Now put a new value of N in the eqs. (51) and (54).
6. Start from the value of (& obtained from step 4, i. e. , 	 for the
lower mass-injection rate. Repeat steps 2, 3, and 4.
It is noted that step 6 is reasonable, since for greater mass-injection rates
the value of G will be greater. This is due to the physical reasoning that
greater mass injection will bring about a thicker shock layer, whose thick-
ness is proportional to the value of
Results were obtained for 0. 01 < K2 <, 500, 0,< 1V,<I. 0 (100%
ma ss -injection rate), E	 0. 1, To- = 0. 75,	 0. 05 (very cold wall), on
an IBM 360 digital computer. The computation time for a typical case was
about OD06 min. The results are shown in Figures 3-9.
20
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Figure 3 gives t values of G obtained for various values of
blowing rates and rarefaction parameter in the stagnation region. The term
& is a measure of the shock standoff distance in the transformed plane.
Previous analysis 
2 for the no-blowing case gives, in the present notation,
cr	 IC J _J+K  — I ]	 - This result is also included in Fig. 3,
and comparison with the present analysis is seen to be reasonable.
The beat-transfer rate is a convenient parameter with which
comparison can be made between the results of the present formulation and
those of Cheng 2 for the limiting condition of no mass injection. The heat-
transfer rate at various altitudes, i. e. , various values of K 2 (where K 2 =
E
1 ^'	
) , has been calculated for several values of the mass-injection
7C
	 To	
R, U,_'parameter, N(--	 for N ranging from 0 to 1. 0 and the results
are given in Figure 4. The heat-transfer rate is expressed in terms of
the Stanton Number, i. e,,	 (k a 	 It may be
	
'gi	 /^f,-C Foo ( fl-CO — Hb)^ -
seen from Figure 4 that, as the mass-injection rate increases for a given
value of K2 , the heat-transfer rate to the body decreases, a result consistent
with other analyses performed for boundary-layer flows 17, 18 and for viscous
flows. 
12 
It is interesting to note that at lower altitudes, i. e. , K 2 large, the
effect of mass injection on the reduction in the heat-transfer rate is greater,
while at higher altitudes this effect is smaller. In other words, a mass-
injection ratio of 50 per cent, i. e. , N — 0. 5, brings about a sharp decrease
in the heat-transfer rate at large values of K 2, while causing only a small
reduction at small values of K2. Thus a greater mass-injection rate is
required at higher altitudes than is required at lower altitudes in order
to reduce the heat-transfer coefficient by the same percentage. This
result may stem from the relative ineffectiveness of the low-density fluid
existing at the higher altitudes to respond to mass injection at the body
surface. This is more clearly seen by taking the free-molecular limit,
i.e. , K 2 --p- 0. Since there is no intermolecular collision in this regime,
the effect of mass injection on heat transfer from a cold wall is zero for
a unit thermal accommodation coefficient. The results shown in Figure 4
for various mass-injection rates confirm this trend; The curves all con-
verging to the result corresponding to the zero mass-injection case, as the
2free-molecular limit is approached (K --->- 0). Also included in Figure 4-i'
21
n.
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a result obtained by Cheng 2 for the N= 0 case. The agreement of the
present result with that of Cheng for N= 0 is good. The minor discrepancy
that does exist is due to the different values of the Prandtl Number, and
inpart, the result of differences in the method of solution. It should be noted
that as K2 becomes very small, CH approaches unity asymptotically, a
free-molecular result for unit thermal accommodation coefficient, Thus,
although the present analysis is restricted to cases where K 	 1. 0 (due
to the thin shock-layer assumption), the extrapolation to more rarefied
regimes yields quantitatively reasonable results,
Another interesting result is the influence of K and mass-
injection on the thickness of the viscous shock-layer, i. e. , the shock
standoff distance. 1`igure 5 shows the thickness 	 -,1/0,	 at different
altitudes (K2 ) for a special case of zero mass injection. For this case,
a previous analysis of Cheng 2 is available, and comparison shows good
agreement. Also shown are the changes in —a, due to mass injection for
various values of K 2 It is seen that the thickness increases with increased
mass injection rates, a result which is consistent with the results obtained
in References 12 and 19. This is a physically reasonable result since the
injected fluid adds mass to the flow which does not have a streamwise-
momentum component and thus must be accelerated by the viscous-layer
fluid. Thus, the streamwise -velocity component decreases at a given
distance from the body surface, signifying a reduction in the local mass
flux in the streamwise direction. Hence, in order to satisfy the requirement
of the mass conservation, the velocity component in the direction normal to
the body surface must increase with increased blowing, The net result is
that the effect of mass injection is now felt further away from the body, thus
increasing the region of the viscous influence, i.e. , the viscous shock-layer
11, 12thickness, There are analyses	 treating mass injection in the stagnation
region of a viscous layer. Direct quantitative comparison with the present
results is not easy to make, because of the differences in the formulation and
the assumptions -involved. It is noted, however, that the present results in
terms of heat transfer and the shock standoff distances are in qualitative
agreement with the results obtained in previous, analyses.
7}
The modified Rankine -Hugoniot relationship indicates that the
total-enthalpy ratio of the flow decreases across the shock wave due to the
transport effects, In addition, the velocity component tangential to the
shock wave (IT) decreases across the shock wave. These results are shown
in Figures b and 7 for N 0 case, Agreement with the results in previous
analysis  is excellent. The effects of mass injection on 4. and Ue at
various altitudes are shown in Figures 8 and 9, and the results demonstrate
the pronounced effects of blowing on these values,
i
t
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4, CONCLUSIONS
The effects of blowing on the rarefied hypersonic shock layer
in the stagnation region of a blunt body have been analyzed by application
of an integral method. The results show significant effects of blowing on
the flow characteristics, especially in the reduction in heat transfer and
the increase in the shock standoff distances. However, these influences are
observed to diminish as the Reynolds number decreases, i. e, , increasing
rarefaction, Where appropriate, comparison has been made with ocher
analyses, and the present results are in reasonable agreement, demonstrating
the applicability of an integral method to the analysis of the eff ec is of blowing
on the hypersonic viscous shock layer at low Reynolds numbers,
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A pgendix A
DEFINITION OF .'LOW INTEGRALS
The definitions for M.30 and M3 are given in the text as
eq, (52) and, eq. (33), respectively, They are
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